Appendix A
List of Distributions

Here we list common statistical distributions used throughout the book. The often
used indicator symbol 1 and gamma function I' () are defined as follows.

Definition A.1 The indicator symbol is defined as

_ | 1, if condition in {.} is true,
= {O, otherwise. (A.1)
Definition A.2 The standard gamma function is defined as
oo
[(a) = / t“le7ldt, a > 0. (A2)
0

A.1 Discrete Distributions

A.1.1 Poisson Distribution, Poisson(\)

A Poisson distribution function is denoted as Poisson()). The random variable
N has a Poisson distribution, denoted N ~ Poisson(}), if its probability mass
function is

)Lk
p(k) =Pr[N = k] = Fe‘k, A>0 (A.3)

for all k € {0, 1,2, ...}. Expectation, variance and variational coefficient of a ran-
dom variable N ~ Poisson(\) are

E[N] = A, Var[N] = A, Vco[N] = —. (A4)
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A.1.2 Binomial Distribution, Bin(n, p)

The binomial distribution function is denoted as Bin(n, p). The random variable
N has a binomial distribution, denoted N ~ Bin(n, p), if its probability mass
function is

pk) =Pr[N = k] = (Z) pPra—p"* pe© 1), nel2. .. (A.5)
for all k € {0, 1,2,...,n}. Expectation, variance and variational coefficient of a

random variable N ~ Bin(n, p) are

l—p
np

E[N] = np, Var[N] = np(l — p), Vco[N] = (A.6)

Remark A.1 N is the number of successes in n independent trials, where p is the
probability of a success in each trial.

A.1.3 Negative Binomial Distribution, Neg Bin(r, p)

A negative binomial distribution function is denoted as NegBin(r, p). The random
variable N has a negative binomial distribution, denoted N ~ NegBin(r, p), if its
probability mass function is

pio=pin == ("HT ) ra-pt pe 0. re oo @)

forall k € {0, 1, 2, ...}. Here, the generalised binomial coefficient is
(A.8)

r+k—1\ _ Tk+r)
k kD)

where I'(r) is the gamma function.
Expectation, variance and variational coefficient of a random variable N ~
NegBin(r, p) are

PP Ve = "2 VeolN = . (A9)

E[N] =
p? r(T=p)

Remark A.2 If r is a positive integer, N is the number of failures in a sequence of
independent trials until » successes, where p is the probability of a success in each
trial.
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A.2 Continuous Distributions

A.2.1 Uniform Distribution, U (a, b)

A uniform distribution function is denoted as {{(a, b). The random variable X has a
uniform distribution, denoted X ~ U (a, b), if its probability density function is

fx) =

, b A.10
g &< (A.10)

for x € [a, b]. Expectation, variance and variational coefficient of a random variable
X ~U(a,b) are

2 N
E[X] = #, varlx] = =97 veolx] b-a

= — A1l
12 V3(a +b) (A1D

A.2.2 Normal (Gaussian) Distribution, N (i, o)

A normal (Gaussian) distribution function is denoted as N (i, o). The random vari-
able X has a normal distribution, denoted X ~ N'(u, o), if its probability density
function is

e =w?

1
v2nazexp< 202

fx) = ) 62>0, uekR (A.12)

for all x € R. Expectation, variance and variational coefficient of a random variable
X ~N(u, o) are

E[X] = p, Var[X] = 02, Vco[X] =o/u. (A.13)

A.2.3 Lognormal Distribution, LN (j1, 0)

A lognormal distribution function is denoted as LN (i, o). The random variable
X has a lognormal distribution, denoted X ~ LN (u, o), if its probability density
function is

L. (_(1n<x)—u>2
xV2mo? P 202

for x > 0. Expectation, variance and variational coefficient of a random variable
X ~ LN (u, o) are

fx) = ) 6>2>0, pneR (A.14)
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E[X] = "7 Var[X] = 2777 (7" — 1), Veo[X] = /o> —1.  (A.15)

A.2.4 t Distribution, T (v, 1, 02)

A t distribution function is denoted as 7 (v, u, 02). The random variable X has a ¢
distribution, denoted X ~ 7 (v, i1, 0%), if its probability density function is

(A.16)

vo?

v+ 1D/2) 1 | (x — )2 —(w+D)/2
O e R ( )

for 62 > 0, nweR, v=12,...and all x € R. Expectation, variance and varia-
tional coefficient of a random variable X ~ 7T (v, u, 0'2) are

E[X]=punifv > 1,
Var[X] = 02— Sifv>2. (A17)

v —

o[ v .
Veo[X] = — ifv > 2.
u\Vv—2

A.2.5 Gamma Distribution, Gamma(c, f3)

A gamma distribution function is denoted as Gamma(w, ). The random variable X
has a gamma distribution, denoted as X ~ Gamma(c, B), if its probability density
function is

a—1

fx) = F)Ea—)ﬂaexp(—x/ﬁ), «>0 B>0 (A.18)

for x > 0. Expectation, variance and variational coefficient of a random variable
X ~ Gamma(a, B) are

E[X] = B, Var[X] = ap?, Vco[X] = 1/ /. (A.19)

A.2.6 Weibull Distribution, Weibull(c, )
A Weibull distribution function is denoted as Weibull(«, 8). The random variable

X has a Weibull distribution, denoted as X ~ Weibull(a, §), if its probability
density function is

fx) = ﬁa—ax“_l exp(—(x/B)*), a >0, >0 (A.20)
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for x > 0. The corresponding distribution function is
F(x)=1—exp(—x/B)*), >0, B> 0. (A.21)

Expectation and variance of a random variable X ~ Weibull(«, B) are

E[X] = BT (1 + 1/a), Var[X] = B> (r(l +2/a) — (I'(1 + 1/0())2> .

A.2.7 Pareto Distribution (One-Parameter), Pareto(&, x()

A one-parameter Pareto distribution function is denoted as Pareto(&, xo). The ran-
dom variable X has a Pareto distribution, denoted as X ~ Pareto(&, xq), if its
distribution function is

X

3
Fx)=1- (—) , X > Xp, (A.22)
X0

where xo > 0 and & > 0. The support starts at xg, which is typically known and

not considered as a parameter. Therefore the distribution is referred to as a single
parameter Pareto. The corresponding probability density function is

—&—1
fao =2 <1> . (A23)

X0 \ X0

Expectation, variance and variational coefficient of X ~ Pareto(&, x¢) are

E[X] =x0§il if &> 1,

20 2 & .
Var[X2] =% ey if &> 2,
1 .

VCO[X] = m if S > 2.

A.2.8 Pareto Distribution (Two-Parameter), Pareto; (o, )

A two-parameter Pareto distribution function is denoted as Paretor(«, B). The ran-
dom variable X has a Pareto distribution, denoted as X ~ Paretoy(w, B), if its
distribution function is

Fx)=1-— (1 + %>_ x>0, (A.24)
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where o« > 0 and 8 > 0. The corresponding probability density function is
(A.25)

The moments of a random variable X ~ Pareto,(a, B) are

Bkk!

EXf = —/——:
[Ty (e =)

o > k.
A.2.9 Generalised Pareto Distribution, GPD(&, )

A GPD distribution function is denoted as G P D(&, ). The random variable X has
a GPD distribution, denoted as X ~ G P D (&, B), if its distribution function is

_[1-a+gx/pTVE g £0,
Hep() = { 1 —exp(—x/B). £ = 0. (A-20)

where x > O when & > 0and 0 < x < —fB/& when & < 0. The corresponding
probability density function is

1 -i-1
B — { L +&x/p) " & #0, (A2)

7 exp(=x/p). § = 0.

Expectation, variance and variational coefficient of X ~ GPD(§, B), & > 0, are

Bx = —2" e Lpxo £ e

I, =& n’ =& ’

2 B2 1 1
Var[X“] = , Veo[X] = &< —. (A.28)

(1-86)2(1-28) JT=2¢' 2

A.2.10 Beta Distribution, Beta(o, f8)

A beta distribution function is denoted as Beta (o, B8). The random variable X has a
beta distribution, denoted as X ~ Beta(a, B), if its probability density function is

_ Te+p)

a—l,q1 _ \B—1
= T3 1—-x)f1 o0<x<I, (A.29)

Jf )

for @« > 0 and B > 0. Expectation, variance and variational coefficient of a random
variable X ~ Beta(a, B) are
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o af f B
E[X] = ——, Var[X] = , Veo[X] = [ ————.
a+ B @+ B2 +a+p) a(l +a+p)

A.2.11 Generalised Inverse Gaussian Distribution, GIG(w, ¢, v)

A GIG distribution function is denoted as GI/G(w, ¢, v). The random variable X
has a GIG distribution, denoted as X ~ GIG(w, ¢, v), if its probability density
function is

(v+1)/2 B
fx) = Mx”e—m—)‘ ' x>0, (A.30)
2K 11 (szd))
where p > 0, w > 0ifv < —1;¢ >0, 0 >0ifv=—1;¢>0,0 >0if v > —1;
and

1 o0
Kyi1(z) = 5/ u’ e TuH/n2qy
0

K, (z) is called a modified Bessel function of the third kind; see for instance
Abramowitz and Stegun ([3], p. 375).

The moments of a random variable X ~ GIG(w, ¢, v) are not available in a
closed form through elementary functions but can be expressed in terms of Bessel
functions:

o ¢ o/2 Kv+l+a (2\/@)
E[X]—(5> m, a>1,¢>0, w>0.

Often, using notation R, (z) = K,+1(z)/K,(2), it is written as
® a/2 o
E[X“] = <—> l_[ Ry 1k (2\/a)¢>> , a=1,2,...
@ k=1

The mode is easily calculated from %x”e‘“"xﬂb/ ) =0 as

mode[X] = ZL (v + /12 —|—4a)¢> ,
)

that differs only slightly from the expected value for large v, i.e.

mode[X] — E[X] for v — oo.
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A.2.12 d-variate Normal Distribution, Ny(n, X)

A d-variate normal distribution function is denoted as Ny(p, X), where p =
(1, ... mq) € R and X is a positive definite matrix (d x d). The corresponding
probability density function is

1 1
f&X) = ————F—=exp (——(x—u)’):‘l(x—u)), xeRY (A3D)
2m)d/2/det X 2
where X! is the inverse of the matrix X. Expectations and covariances of a random
vector X = (X1, ..., Xg) ~ Ny(u, X) are
E[X;] = i, Cov[X;, X;]=%;;, i,j=1,....,d. (A.32)

A.2.13 d-variate t-Distribution, Tg(v, n, X)

A d-variate t-distribution function with v degrees of freedom is denoted as
Ta(w, mw, X), where v > 0, u = (uy1,...ug) € R is a location vector and X
is a positive definite matrix (d x d). The corresponding probability density function
is

v+d

v+d . /5 —1 _ 2
oo = r(44) <1+<x w)' = (x u)) a3y

(vr)?/2T (5) Vdet X v

where x € R? and 7! is the inverse of the matrix . Expectations and covariances
of arandom vector X = (X1, ..., Xg) ~ Tz(v, p, X) are

ElX;1=pu;, ifv>1,i=1,...,d;
COV[X,',XJ'] = UE,’VJ'/(U—Z), ifv>2i,j=1,...,d. (A.34)
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Selected Simulation Algorithms

B.1 Simulation from GIG Distribution

To generate realisations of a random variable X ~ GIG(w, ¢, v) with w, ¢ > 0, a
special algorithm is required because we cannot invert the distribution function in
closed form. The following algorithm can be found in Dagpunar [67]:

Algorithm B.1 (Simulation from GIG distribution)
l.a =Jo/d; B =20,
m=%(v+ v2+,32),
— 133 2 (1 B 1
g8y =3By’ —vy <§ﬂm+v+2)+y(vm— 7) + 3Bm.
2. Set yo = m,
While g(yo) < 0do yo = 2yo,

y4: root of g in the interval (m, yp),
y—_: root of g in the interval (0, m).

a= Gy —m (%) exp (-4 (ys+ L —m—1)),
b= - —m () e (=5 (- + 55 —m—37)).
c= —g (m + %) + 5 In(m).

4.Repeat U,V ~U(0,1), Y =m +a¥ +b'5¥,
until ¥ > 0and —InU = —3In¥ + 48 (Y + ) +c.
Then X = L is GIG(w, ¢, ).

To generate a sequence of n realisations from a GIG random variable, step 4
is repeated n times.

281
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B.2 Simulation from o-stable Distribution

To generate realisations of a random variable X ~ «aStable(«, 8, o, 1), defined by
(6.56), a special algorithm is required because the density of «-stable distribution
is not available in closed form. An elegant and efficient solution was proposed in
Chambers, Mallows and Stuck [50]; also see Nolan [176].

Algorithm B.2 (Simulation from «-stable distribution)

1. Simulate W from the exponential distribution with mean = 1.
2. Simulate U from U/ (—%, %)
3. Calculate

1
sin(@(U+Ba.p)) (cos(U—-a(U+Byp)\ 1 Ta
SO( (cos U)1/a ( W ) , O 75 1,

2 ((% +BU)tanU — Bln (”ﬂvfrg%sUU)) . a=1,
where
_ 2.2 L
Sa,p = (1 + B tan"(war/2)) 2,

By p = éarctan(ﬂ tan(wo/2)).

The obtained Z is a sample from «aStable(w, g, 1, 0).
4. Then,

n—+oZz, o #1,
X =
,bL—I—O’Z—F%ﬂO’an’,Ol: 1,

is a sample from aStable(w, B, o, 1).

Note that there are different parameterisations of the o-stable distribution. The
algorithm above is for representation (6.56).



Solutions for Selected Problems

Problems of Chapter 2

2.1 The likelihood function for independent data N = {Np, N,
Poisson(}) is

..., Ny} from
M i
() =[Te
i=1 t

M

M
In€a(h) = =AM + x> n; — Y In(n;!).
i=l1 i=l1

The MLE A maximising the log-likelihood function In £N(A) is

S

~ 1
A= — N;.
All

—

Using the properties of the Poisson distribution, E[N;] = Var[N;] = A, it is easy to
get

PR
E[A] = M;E[Ni] =
S by
Var[A] = 77 ZVar[N,-] - —.

1

1

To estimate the variance of A using a normal approximation, find the information
matrix

1 [92Inen(h) 1 M 1
I(A) = ——E — EIY N | = -
@) M [ a2 ] M2 ; 1T

283
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Thus, using asymptotic normal distribution approximation,
Var[A] ~ T ') /M = A/M.

In both cases the variance depends on unknown true parameter A that can be esti-
mated, for a given realisation n, as A.

2.4 Consider
Lw)=wuLi+---+uyLy,
where u € R’ and set

ou(t) = o[tL(w)]], t > 0.

Then using homogeneity property o[fL] = to[L],

du(t) _
= oL ).
From another side
dpu(t) < olL(¥)] olL@1,
B Z axj X=tu J B Z au]

where to get the last equality we used homogeneity property. Thus

J
Ly+- +L +hL
o[L(1)] =Z el ]

h=0

completes the proof.

2.5 The sum of risks is gamma distributed:
Z1+ Zr+ Z3 ~ Gamma(a; + oy + a3, B).
Thus VaRgyog99[Z; ] = F51(0.999|ai, B) and
VaRo.099[ Z1 + Z2 + Z3] = F; ' (0.9t + a2 + a3, ),

where Fgl(-|o¢, B) is the inverse of the Gamma(x, B). Using, for example, MS
Excel spreadsheet function GAMMAINV(-), find

VaRg999[Z] ~ 5.414, VaRgog99[Z>] ~ 6.908,
VaRgo99[Z3] ~ 8.133, VaRgogo9[Z| + Z» + Z3] =~ 11.229.
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The sum of VaRs is VaRgg99[Z1] + VaRg.999[Z>] + VaRg.999[Z3] &~ 20.455 and
thus the diversification is &~ 45%.

Problems of Chapter 3

3.1 By definition of the expected shortfall we have

L

_ E[Z] 1 Lh .
- EG T ToED | #O%
0

Substituting £ (z) calculated via characteristic function (3.11) and changing vari-
able x =t x L, we obtain

L o]
L 2
/ zh(z)dz = ;/sze[x(t)]cos(tz)dtdz
0
0 0

o0

2_L / Relx (x/L)] |:sin(x) 3 1— cos(x)i| dx
T x
0

2

Recognizing that the term involving sin(x)/x corresponds to H (L), we obtain

BlZIZ> L] = — E[Z] - H(L)L + 2& OOR L=,

212 > L= 1y [ BZ1 = B L+ = [ R/t =5 dx
0

Problems of Chapter 4

4.1 The linear estimator é\m, = wlé\l + -4+ wKé\K is unbiased, i.e. E[é\m,] =0,if
wi) + -+ wg = 1 because E[6;] = 6. Minimisation of the variance

n 2 2 2 2
Var[@,m] = W0, + - +wKUK

under the constraint wy + - - - + wg is equivalent to unconstrained minimisation of
the

W = Var[f,0] — Mwy + - - 4 wg),
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which is a well-known method of Lagrange multipliers. Optimisation of the above
requires solution of the following equations:

ov 2
— =2wj;o
Bwi
ov

=it wg) =0,

A=0 i=1,....K;

Fl

That gives

~1
om (S () -

k=1 B P (1/%2)

4.2 Given ® = 0, the joint density of the data at N = n is

T
f(n)o) x ]‘[9”1‘(1 —)Vin,

i=1

From Bayes’s theorem, the posterior density of 0 is 7(6|n) o f(n|0)m(6), where
7 (0) is the prior density. Thus

T

7 (@) o 6° (1 —6)F ' [Tom (1 —0)"
i=1
= QU(T—](I _ e)ﬂr—l’

where

T T T
“T=(¥+Zniv ,3T=/3+2Vi_zni-
i=1 i=1 i=1

Thus the posterior distribution of ® is Beta(ar, Br)-

Problems of Chapter 5

5.1 Denote the data above L as X = ()? 1 )~(2, e, X ). These random variables are
independent with a common density f(x|§)/(1 — F(L|§)),x > L, where f(x|§) is
the density of the Pareto distribution F(x|§) =1 — (x /a)_s ,Xx >a > 0. Thus the
likelihood function for given data above L is
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k ~
e _TT_LGile)
e"@‘gl—nus)‘

Substituting the Pareto density

Q |

G

f(x1§) =

gives

K
Inlz(§) = K§In(L/a) + K In(§/a) — (§ + 1) Zln(fi/a)-

i=1

Then, solving d In £3(§)/0& = 0, we obtain

K -1
EMLE _ (_ In(L/a) + % ;ln(z /a)) :

Problems of Chapter 6

6.1 The probability generating function of the negative binomial, Neg Bin(r, p), is
(@) =1 —(—1)(1— p)/p)~". Then, using formula (6.29), we obtain that the
distribution of the maximum loss over one year is

1 _ —r
F(x) = Y(F(x)) = (1 + Tp(l - F(x))) ,

where F(x) = 1 — exp(—x/p) is the severity distribution. The distribution of the
maximum loss over m years is simply

m 1 _ p —rXm
(Fu(x)™ = <1 + T(l - F(X))) :

Problems of Chapter 7

7.1 Consider random variables U and U; from the 7-copula C‘(f,fo (u1, us). By defi-
nition, the lower tail dependence is

()
C ,
AL li voo(q,q) .
q—0+ q
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Due to the radial symmetry of the t-copula, the upper tail dependence Ay is the
same as Ar. Applying L'Hdpital’s rule, that is, taking derivatives of the nominator
and denominator,

. dCq. ) .
A= lim ——————— = lim {Pr[U; < ¢q|U; = q] + Pr[U; < q|U> = q]}.
q—0+ dq q—0+
Let X; = Flf*l)(Ul) and X, = Flf*l)(Uz), where F,(-) is a standard univariate
t-distribution with v degrees of freedom, 7 (v, 0, 1). Thus (X, X») is from a bivari-
ate r-distribution 75(v, 0, X), where X is a correlation matrix with off-diagonal
element p. Then, one can calculate the conditional density of X» given X| = x1:

flx2lx)) =

J(x1,x2) v+1 (x2 — px1)? —(v+2)/2
JEWx) |
fé) A=pHw+x7) v+l

This can be recognised as a univariate ¢ distribution 7 (v + 1, u, o2) with the mean

_ 2 2
W= pxi,o’= % and v + 1 degrees of freedom. Thus

Pr(Xs < x|X| =x]= F,q ( (x —xp)Vv +1 )

V= p) (v +x?)

Finally, using that Pr[X; < x|X> = x] = Pr[X2 < x|X; = x] and taking limit

X — —00 we get
D —
A=2F, - w )
I+p
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